Entanglement charge of thermal states 
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Entanglement charge is an operational measure to quantify nonlocalities in ensembles consisting 
of bipartite quantum states. Here we generalize this nonlocality measure to single bipartite quantum 
states. As an example, we analyze the entanglement charges of some thermal states of two-qubit 
systems and show how they depend on the temperature and the system parameters in an analytical 
way. 
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Introduction— It has been indicated that ensembles 
consisting of bipartite or multipartite quantum states can 
exhibit a kind of nonlocality that is different from quan- 
tum entanglement So far, most efforts have been de- 
voted to address conditions that can be used to determine 
whether a given ensemble can exhibit this nonlocality [2- 
H3| . Compared to the numerous studies about quantum 
entanglement, profound understandings on this intrigu- 
ing ensemble nonlocality and its implications are still 
awaited. In a recent paper, we have introduced "entan- 
glement charge" as an operational measure to quantify 
nonlocalities in ensembles consisting of bipartite quan- 
tum states The quantification of nonlocalities in 
ensembles has also been discussed in Ref. (l5j . 

In this paper we generalize the idea of entanglement 
charge to single bipartite quantum states. The general- 
ization that can be done is due to the fact that quantum 
states have ensemble decompositions [lfjj]. Based on the 
entanglement charge, two kinds of nonlocalities on bipar- 
tite states are introduced, which are different from quan- 
tum entanglement. So the work can enrich our knowl- 
edge about quantum states. The paper is organized as 
follows. We first give a brief introduction to entangle- 
ment charge defined for ensembles consisting of bipartite 
quantum states. Then we generalize the concept of en- 
tanglement charge to single bipartite quantum states and 
apply it to some thermal states. Finally, a summary is 
given. 

Entanglement charge of ensembles-Suppose e = 
{px,Px B } is an ensemble consisting of bipartite states. 
The entanglement charge N (e) of the ensemble e may be 
positive, negative or zero [141 ] . The ensembles with pos- 
itive N (e) are defined to have information nonlocality 
and those with negative N (e) are defined to have en- 
tanglement nonlocality. In both cases the entanglement 
charge N (e) or its absolute value \N can be used as 
a measure to quantify the corresponding nonlocality. 

Usually it is hard to compute N (e). However, when 
the states p x B in the ensemble s = {px , P X B } are mu- 
tually orthogonal pure states, the entanglement charge 



N (e) satisfies the following bounds 

N (s) < S (A\B) = S {p AB ) - S { P B ) , 
N{e)<S(B\A)=S(p AB )-S(p A ), 
N(e)>J2pxS(p x )-I p ab (A;B), 
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Especially, when p x B in s = {px , Px B } are d x d mu- 
tually orthogonal maximally entangled pure states, the 
upper bounds ((J) and ([2]) and the lower bound Q of 
N (e) are the same and given by an analytical expression 

N ( £ ) = S (p AB ) ~S(p B )=S ( P AB ) - log d. (4) 

The expression Q will be used when we address the en- 
tanglement charge of some thermal states. 

Entanglement charge of bipartite states-Consider the 
bipartite quantum state p AB . If it is a mixed state, it 
has many ensemble decompositions [16]. For example, 
the two-qubit state p AB = - ® I can be decomposed 
as an ensemble consisting of the four computation-basis 
states with equal probabilities or an ensemble consisting 
of the four Bell states with equal probabilities. Among 
all the ensemble decompositions of p AB , we can select a 
specific one and define the entanglement charge of p AB as 
the entanglement charge of this selected ensemble. The 
question is which ensemble should be selected. To define 
the entanglement charge of p AB , we select the ensem- 
ble consisting of the eigenstates of p AB , with the prob- 
abilities being the corresponding eigenvalues. When the 
eigenvalues of p AB have no degenerate levels, this ensem- 
ble decomposition is unique. If it is a degenerate case, we 
could further require that the selected ensemble has the 
maximal entanglement charge while still keep the eigen- 
states of p AB being mutually orthogonal. 

The above defined entanglement charge N (p AB ) of the 
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state p AB can be expressed as 
N(p AB )= iB max [N({ Pi ,mm})}, (5) 

where iV ({pi, denotes the entanglement 

charge of the ensemble {f>j, (v^i|}. The reasons are: 
(1) the states of the selected ensemble are mutually or- 
thogonal, simplifying the evaluation of the entanglement 
charge; (2) for thermal states, the selected ensemble de- 
composition reflects the opinion that the thermal system 
may be in some unknown eigenstates of the Hamilto- 
nian; (3) for a degenerate case, the additional require- 
ment that the selected ensemble has the maximal entan- 
glement charge in all orthogonal eigenstate decomposi- 
tions represents an extreme case. 

It is mentioned in the previous section that the value 
of the entanglement charge of ensembles may be positive, 
zero or negative, so is the entanglement charge of a state. 
Corresponding to the cases of ensembles, states with pos- 
itive entanglement charge are defined to have information 
nonlocality and states with negative entanglement charge 
are said to have entanglement nonlocality. So bipartite 
quantum states can be divided into three categories: One 
has the information nonlocality, while the other has the 
entanglement nonlocality; otherwise has neither. This 
appears to be a new view-angle to understand quantum 
states and their nonlocalities. 

The concept of information nonlocality and entangle- 
ment nonlocality introduced here for bipartite states has 
a non-trivial relationship to the usual separation and en- 
tanglement for bipartite states. On one hand, entangled 
states may have information nonlocality, while unentan- 
gled states may also have information nonlocality. For ex- 
ample, the two-qubit state p AB = | <g> | is unentangled, 
but its entanglement charge N (p AB ) — 1, having the 
information nonlocality. On the other hand, a state hav- 
ing entanglement nonlocality must be entangled; when 
p AB is a pure entangled state, its entanglement charge 



N {p AB ) is negative, and the absolute value |iV(p y 
will be the quantum entropy of p A = Trsp AB , which is 
the distillable entanglement of p AB [161 ]. 

Entanglement charge of thermal states.-We have gen- 
eralized the concept of entanglement charge from ensem- 
bles to bipartite states. As an example, we here address 
the entanglement charges of some thermal states. We 
first consider a two-qubit system with a general XYZ in- 
teraction. The thermal state of the system is specified by 
the system Hamiltonian and temperature T. The system 
Hamiltonian reads 



H = Jia x 



J20~v 



0~z, 



(6) 



where J\, J 2 , 
and a , 



and J3 are real coupling parameters, and 
are the Pauli operators. It can be checked 
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(|00) + |11)), (8) 
(|01>-|10», (9) 



Ei = - Ji + J 2 + J 3 , E 2 = + Ji -J 2 + Ja, (10) 
E 3 = + Ji + J 2 - J 3 , E A = — Ji -J2-J3, (11) 

where a z |0) = |0) and a z |1) = — |1). When the system 
is in thermal equilibrium, it can be described by the Bell- 
diagonal state p = J2i=iPj I) where 
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j = 1,2,3,4. 



(12) 



Here k is the Boltzmann constant. 

The entanglement charge N (p) of the above thermal 
state p can be calculated as follows. When the eigenval- 
ues of p are not degenerate, p has the unique eigenstates 
decomposition {Pj (^j\}^ =1 - Since the eigenstates 
of p are mutually orthogonal maximally entangled states, 
an analytical expression for entanglement charge N (p) is 
obtained from Eq.(Q}, 



N(p)=S(p)-l, 



(13) 



where S (p) = — J2j=i Pj ^°&2 Pj ^ s the entropy of the sys- 
tem. We note that even when the eigenvalues of p are 
degenerate, the expression (|13l) is still valid for N (p) be- 
cause it reaches the maximal entanglement charge of all 
ensemble decompositions of p, which can be seen for Eq. 
([1]). FromEq. (p~3|> . we find that the entanglement charge 
is just a shifted entropy in this case, however the mean- 
ings of the entanglement charge N (p) and the entropy 
S (p) are entirely different. 

It is not hard to find that the entanglement charge 
N (p) of this thermal state ranges between —1 and 1. 
The exact value of N (p) depends on the temperature 
and the system coupling parameters. Clearly, the states 
with positive N (p) are different from those with negative 
N (p) in the sense that they have different kinds of nonlo- 
calities, so we can investigate the change of the nonlocal- 
ity properties due to the change of the temperature and 
the system coupling parameters. In the following we will 
consider three kinds of models to explore this nonlocality 
property change. As a comparison, the entanglement of 
the states will also be given, with the concurrence be- 
ing chosen as the entanglement measure. The considered 
thermal state p = J2j=iPj ^ s a Bell-diagonal 

state, whose concurrence is given by [l7j 



that the four Bell states are its eigenstates, 



C{p) =max{l,2pi,2p2,2p3,2p 4 }-l. 



(14) 



H\^ j )=E j I*,-), j = 1,2,3,4, 



(7) 



3 



N(p) 




— 1 — ' — ' — ' — ' — 1 — ■ — ' — ' — 1 — 1 — ' — ' — ' — ■ — | — 1 — * — ' — ' — 1 — ' — ' — ' — ' — 1 — ' — ' — ' — ' — >— X 

FIG. 1: The entanglement charge TV (p) of the thermal state 
of p where the system has an Ising Hamiltonian H = J\o x ® 
o x . The entanglement charge N (p) is determined by one 
parameter x = Ji/kT. 
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FIG. 2: The entanglement charge N (p) (the solid line) 
and the concurrence C (p) (the dashed line) of the ther- 
mal state of p where the system has an XX Hamiltonian 
H — ,ha x <S> <Jx + Jio y ® o y . The entanglement charge N (p) 
and the concurrence C (p) are determined by one parameter 
y = Ji/kT. 



First, we consider the Ising model. In this case 
J2 = J3 = 0, so the eigenvalues of the Hamiltonian are 
Ex = — Jx, E% = Ji, E3 = Ji, and E4 = —J\. The entan- 
glement charge N (p) of the thermal state depends only 
on the parameter x = J\/kT. In FIG. 1 we plot N (p) 
as a function of x. It can be seen that the entanglement 
charge is always positive. This can be understood from 
the fact that pi — P4, p 2 — Pz and pi + p 2 + P3 + Pi = 1 , 
which leads to p\ + pi = P3 + p± = 1/2 and a positive 

N (p) = -2 P1 log 2 (2pi) - 2p 2 log 2 {2p 2 ) . (15) 

The probabilities p\ and p 2 will be exchanged when we 
change x to —x, so Eq. (fTSj) indicates N (p) is an even 
function of x. The concurrence of the thermal state p in 
this case is always zero since no pi is bigger than 1/2. 

Secondly, we consider the XX model. In this case 
J-2 = Ji, J3 = 0, so the eigenvalues of the Hamiltonian 
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FIG. 3: The entanglement charge (p) (the solid line) and 
the concurrence C (p) (the dashed line) of the thermal state of 
p where the system has an Heisenberg exchange Hamiltonian 
H — J\(Tx ® <J X + Ji<J y ® o y + J\o z ® a z . The entanglement 
charge N (p) and the concurrence C (p) axe determined by one 
parameter z — J%/kT. 



are E x = 0, E 2 = 0, E 3 = 2Ji, and E A = -2J X . The 
entanglement charge N (p) and concurrence C (p) of the 
thermal state depend only on y = J\/kT. In FIG. 2 we 
plot N (p) (the solid line) and the concurrence C (p) (the 
dashed line) as a function of y. The entanglement charge 
N (p) is an even function of y can be understood from the 
fact that P3 and pi will be exchanged when we change y 
to — y. It can be seen that when \y\ is small the thermal 
state has information nonlocality (positive entanglement 
charge) and when \y\ is large the thermal state has en- 
tanglement nonlocality (negative entanglement charge). 
This can be understood as follows. When \y \ — > 0, it can 
be regarded as the temperature T — > 00, which leads the 
system to be in one of the four Bell states with an equal 
probability 1/4 and N (p) = 1. When \y\ —> 00, it can 
be regarded as the temperature T — ► 0, which leads the 
system to be in the ground state |$4) (when J\ > 0) or 
I $ 3 ) (when Ji < 0), and N (p) = -1. So the thermal 
state with information nonlocality will be changed to the 
state with entanglement nonlocality when the tempera- 
ture is decreased (i.e., \y\ is increased). It can be seen 
that when the state p has information nonlocality (pos- 
itive N (p)), there are regions of y where the state p is 
entangled (positive C (p)) and there are also regions of y 
where the state p is not entangled, which indicates the in- 
formation nonlocality has no direct relation to quantum 
entanglement. 

Finally, we discuss the Heisenberg model. In this case 
J 2 = J3 = Ji, so the eigenvalues of the Hamiltonian are 
Ei = Ji, E 2 = Ji, = Ji, and E4 = — 3Ji. The entan- 
glement charge N (p) and the concurrence C (p) of the 
thermal state only depend on z = J\/kT. In FIG. 3 we 
plot N (p) (the solid line) and the concurrence C (p) (the 
dashed line) as a function of z. It can be seen that N (p) 
is an asymmetrical function, which is different from the 
above Ising and XX models. When z — > 00, it can be 
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regarded as the temperature T — ¥ in the antiferromag- 
netic case(i.e., J\ > 0), which leads the system to be in 
the ground state |$4) and N (p) = —1. When z —> — oo, 
it can be regarded as the temperature T — > in the fer- 
romagnetic case (i.e., J\ < 0), which leads the system 
to be in the states |$i), |3>2), and ($3) with an equal 
probability 1/3 and N (p) — log 2 3 — 1 « 0.58. It can be 
seen that in the ferromagnetic case (z < 0) the thermal 
state has no entanglement while it has the information 
nonlocality. And in the antiferromagnetic case (z > 0), 
the region of z where the state has entanglement non- 
locality (negative N (p)) is contained in the region of z 
where the state is entangled (positive C (p)), which just 
manifests the fact that only entangled states may have 
entanglement nonlocality. 

In the above two-qubit Heisenberg model, the two- 
qubit thermal state is in the form 

P = Pl (|$l) + |*2> <*2| + 1*3) ($s|) + |$4> (*4| , 

(16) 

which is a linear combination of the projector to the 
triplet space and the projector to the singlet space. This 
is a common feature of the two-qubit states that have the 
SU (2) symmetry [18|, |l9|. Now we consider a qubit ring 
consisting of M qubits with the Hamiltonian 

M-l 

H = J Bj ■ + Jg m ■ cti, (17) 

i=i 

where <?j = (uu, cr 4a , Ui Z ) is the vector of Pauli operators. 
The ring has the translation symmetry, so any two adja- 
cent qubits of the ring will have the same thermal state 
described by its reduced density matrix. This thermal 
state of two adjacent qubits of the ring will also have the 
SU (2) symmetry, and thus it can be written in the form 
given by Eq. (|16p . When we consider the entanglement 
charge of the thermal state of the two adjacent qubits of 
the ring, some features of the above two-qubit Heisen- 



berg model can be obtained since the states in these two 
cases have the same form as Eq. p7j)) . For a ferromag- 
netic ring (i.e., the effective coupling J < 0), the thermal 
state of the two adjacent qubits cannot have the entan- 
glement nonlocality since it has no entanglement at any 
temperature [2(| , which is the same as that for the above 
two-qubit Heisenberg model. For an antiferromagnetic 
ring (i.e., the effective coupling J > 0), the entanglement 
charge of the thermal state of the two adjacent qubits 
cannot reach —1 even when the temperature T goes to 
zero, which is different from that for the above two-qubit 
Heisenberg model. Though the thermal state of two ad- 
jacent qubits of the ring has the form in Eq. (TT6l) . an 
explicit expression of the state parameter p\ for a gen- 
eral M (the number of the qubits in the ring) is to be 
derived, which seems quite hard and may be handled in 
future. 

Summary. -We have generalized the concept of entan- 
glement charge of ensembles to single bipartite quantum 
states. According to their entanglement charges, bipar- 
tite quantum states can be divided into three categories 
that have the information nonlocality, the entanglement 
nonlocality, and neither. This is a new view-angle to un- 
derstand quantum states and their nonlocalities. As an 
example we have addressed entanglement charges of some 
thermal states of two-qubit systems. We have found that 
for some simple models, the thermal states with infor- 
mation nonlocality can be changed to states with entan- 
glement nonlocality by decreasing the temperature. The 
present work is expected to evoke more profound under- 
standings of nonlocalities in quantum states. 
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